harmonic analysis on locally compact right topological groups Abstract Analytic properties of right topological groups have been extensively studied in the compact admissible case (i.e when the group has a dense topological center). This was inspired by the existence of a Haar measure on such groups. In this paper, we broaden the scope of this work. We give (similar) sufficient conditions for the existence of a Haar measure on locally compact right topological groups and generalize analytic theory to this setting. We then define new measure algebra analogues in the compact setting and use these to completely characterize the existence of a Haar measure, producing sufficient conditions that do not rely on admissibility.
A right topological group is a group equipped with a topology, (G, τ ), satisfying continuity of right multiplication, i.e the maps G → G, g → gx are continuous for all x ∈ G. The topological center of such a group, denoted by Λ(G), refers then to those elements x ∈ G for which left multiplication i.e. the map g → xg is also continuous. A right topological group is said to be admissible when its topological center is dense. Interest in these groups initially arose in topological dynamics where Ellis gave a beautiful theorem proving that compact Hausdorff admissible right topological (CHART) groups arise naturally from distal flows [5] . However, this discovery has also drawn an interest in these groups from the perspective of abstract harmonic analysis.
Abstract harmonic analysis on locally compact topological groups heavily relies on the existence of a Haar measure. A Borel measure µ on a right topological group G is said to be right (resp. left) invariant if µ(Eg) = µ(E) (µ(gE) = µ(E)) for all g ∈ G (resp. g ∈ Λ(G)) and for all Borel subsets E ⊂ G. Such a measure is said to be a (right) Haar measure if it is a Radon measure. When G is compact, it is additionally assumed to be a probability measure. In [20] , Pym and Milnes proved the existence of a unique Haar measure on CHART groups, or more generally, on groups having a strong normal system of subgroups (for definition see 1). Following this, Lau and Loy conducted analysis on these groups [14] [15] and defined measure and Fourier algebra analogues. All of this work builds on the fundamental algebro-topological theory on these groups developed by Namioka in [26] .
In this paper, our first goal is to generalize this existing theory to locally compact right topological groups. In particular, we often deal with σ-locally compact right topological groups for added structure. Secondly, we define new measure algebra analogues and characterize the existence of a Haar measure in terms of their properties in the compact setting.
In 1, we review the existing theory on right topological groups and introduce some notation. Then, in 2, we prove the existence of a Haar measure on locally compact right topological groups possessing a compact strong normal system of subgroups. Further, in 3, we introduce the σσ-topology and generalize some of the results in [14] , describing properties of various function algebras, including almost periodic functions and the Fourier and Fourier-Stieltjes algebras. 4 deals with measure algebra analogues on right topological groups. Here we discuss how some of these measure algebras are fundamental in characterizing the existence of a Haar measure on compact right topological groups. In the process, we provide new sufficient conditions for the existence of a Haar measure on a compact group that need not be admissible. Lastly, we conclude in 5 with some examples and open problems left to be worked on.
Preliminaries
A group with topology (G, τ ) is said to be semitopological if its multiplication map m : G × G → G, (x, y) → x −1 y is separately continuous. It is said to be topological if the multiplication m is jointly continuous and additionally, the inverse map G → G, x → x −1 is also continuous. Throughout, we denote by R g , L g the right and left translation maps on G for each g ∈ G.
For any function f on G, we also use R g f to denote the right translate of f by g ∈ G.
Ellis proved the following famous theorem [4] ;
Theorem 1.1 (Ellis) . Every locally compact Hausdorff semitopological group is topological.
As a result, any interest in generalizing theory of locally compact topological groups naturally shifts to groups with one-sided continuity of multiplication. Namioka later gave a more general result on separate and joint continuity [27] , Theorem 1.2 (Namioka) . Let X be locally compact Hausdorff space and (G, τ ) be a topological group acting on X. If the following hold:
• G is locally compact
Then, G × X → X is jointly continuous.
For any topological space X, we shall denote by C b (X), the continuous bounded complex-valued functions on X, equipped with the usual supremum norm. Further, C c (X) and C 0 (X) will refer to the continuous functions with compact support, and the continuous functions vanishing at infinity, respectively on X. M (X) will then denote the dual of C c (X), the complex Radon measures on X.
Namioka's pioneering work on right topological groups primarily relies on his introduction of the σ-topology. Given a right topological group (G, τ ), the σ-topology on G is defined to be quotient topology given by the map
The symbol σ is intended by Namioka to indicate "symmetry" and is justified by the following theorem [26] : is topological
Observe that if G is locally compact, a lack of being Hausdorff is all that holds (G, σ) (and therefore (G, τ )) from being topological. This also produces interesting examples of semitopological groups.
One of the advantages of working with admissible right topological groups is the following theorem [26] . Theorem 1.4 (Namioka) . Let G be a admissible right topological group and let U be a base of open neighbourhoods of e in τ . Then, the following holds:
For general right topological groups, it becomes hard to explicitly find the open sets in the σtopology. Unlike the compact case, where many results in [26] and [14] hold for general, non-admissible groups, in the locally compact case, we heavily rely on the above result to produce analogues.
Following Namioka, for subgroups K of G, we denote by G/K the left cosets of K i.e. {xK | x ∈ G}. Namioka showed the following;
Recall that in the topological case it suffices for K to be closed. We will use (G/K, τ ) and (G/K, σ) to mean the quotient topology on G/K induced by (G, τ ) and (G, σ) respectively.
Let L ⊂ G be a closed normal subgroup. Let us denote by (L, σ), the topology induced by (G, σ). We warn the reader that this does not always coincide with the (finer) σ-topology of (L, τ ) (work on this topology may be found in [24] ). We define N (L) to be the intersection of all σ-closed σneighbourhoods of e in G. The following is a fundamental result of Namioka [26] which we generalize to locally compact topological groups in 2 Proposition 1.6. Let G be a compact Hausdorff right topological group. Then, 1. N (L) is a σ-closed normal subgroup of L 2. (L/N (L), τ ) = (L/N (L), σ) and the resulting group is a compact topological group 3. The action map
is jointly continuous.
Via a quotient, one therefore obtains a topological group from the compact right topological group G. Namioka proved the non-triviality of this group in the following result for the countably admissible case (Λ(G) has a countable subsemigroup that is dense in G) [26] , while Pym and Milnes generalized it to arbitrary compact admissible groups by Pym and Milnes [21] . Central to the existence of a Haar measure on compact right topological groups is the idea of a strong normal system of subgroups. A right topological group (G, τ ) is said to have such a system if there exists a family {L ξ } ξ<ξ0 of σ-closed normal subgroups of G, indexed by some ordinal ξ 0 > 0, satisfying the following conditions:
1. L ξ0 = G, L 0 = {e}, L ξ ⊃ L ξ+1 and for a limit ordinal ξ < ξ 0 , L ξ = ∩ η<ξ L η ; 2. L ξ /L ξ+1 is a compact Hausdorff topological group
is jointly continuous Pym and Milnes exploited Proposition 1.6 and Theorem 1.7 to obtain the following nice theorems [20] [21] . Theorem 1.8. Every compact Hausdorff right topological group with a strong normal system of subgroups has a unique right-invariant Haar measure that is additionally left-invariant with respect to the topological center. Theorem 1.9. Every CHART group has a strong normal system of subgroups.
As a result, one obtains as a corollary the existence of a unique right-invariant Haar measure on all CHART groups. In this paper, we generalize Theorem 1.8. We are currently unable to verify if Theorem 1.9 holds for σ-locally compact groups.
Existence of Haar measure
We primarily consider σ-locally compact groups due to the following convenient result Despite the σ-topology being non-Hausdorff, we obtain the following result Lemma 2.2. If (G, τ ) is locally compact hausdorff admissible, then (G, σ) is a locally compact semitopological group that has the Baire property.
Proof. As (G, τ ) is admissible, by Theorem 1.4, the continuous quotient map φ : (G×G, τ ×τ ) → (G, σ) is open. It follows that (G, σ) is locally compact. Suppose {U n } n∈N ⊂ σ are σ-open sets dense in the σ topology. We claim that ∩ n∈N U n is dense in (G, σ). Indeed, {φ −1 (U n )} n∈N are open and dense in G × G, so that by G × G being locally compact Hausdorff (whence Baire),
We may now prove the locally compact version of Proposition 1.6. Proof. The compact case is shown in [26] . We assume G is σ-locally compact admissible.
Part 1 follows easily as N (L) is the intersection of σ-closed neighbourhoods, and normality is guaranteed by Corollary 1.1 in [26] .
By Proposition 1.5, (L/N (L), σ) is Hausdorff, while local compactness of the space follows from Lemma 2.2 as (L, σ) ⊂ (G, σ) is σ-closed. By Lemma 2.1 then, the continuous identity map (L/N (L), τ ) → (L/N (L), σ) is a homeomorphism and (L/N (L), τ ) = (L/N (L), σ) as claimed. As (L/N (L), σ) is a locally compact Hausdorff semitopological group, by Ellis' theorem, 2 holds.
Lastly, we prove 3. By continuity of right multiplication, it is clear that
is continuous in the first variable. We will thus show continuity in the second variable. Let us fix x ∈ G. Then, the map l x : L/N (L) → xL/N (L), [y] → [xy] is a σ-σ homeomorphism. We claim that the following composition of open maps is continuous;
[xy]
We claim that this composition is continuous. Indeed consider the continuous surjective inverse map p : (xL/N (L), τ ) → (L/N (L), τ ), [xy] → [y]. Observe that xL/N (L) being σ-closed in G/N (L), is also τ -closed, whence σ-compact in τ . By σ-compactness there exists a sequence of compact sets {C n } n∈N of xL/N (L), such that ∪ n∈N C n = xL/N (L). Then, {p(C n )} n∈N are clearly compact sets whose union is L/N(L). By the Baire property of (L/N (L), τ ), there exists a compact set C ∈ {C n } n∈N , such that p(C) has an interior point p(c), with c ∈ C. If {g α } ⊂ L/N (L) is a net such that p(g α ) → p(g) for some g ∈ L/N (L), it follows by continuity of right multiplication of (G/N (L), τ ) that
By continuity of right multiplication, clearly g α → g and thus, p −1 is continuous. This concludes the proof of the claim. We have thus shown that the map in 3. is separately continuous. Joint continuity of the map then follows from Namioka's Theorem 1.2.
In order to prove the existence of a Haar measure on locally compact right topological groups, we use a technique similar to that in Pym and Milnes' original proof. We begin by giving the following lemma and provide a proof for completeness. Let ν be the unique Haar measure on L/M . Then, the map φ :
Proof. By the continuity of the map
so that the map is a retraction.
If supp(f ) = K/M , then, for s ∈ G,
In other words, the above quantity is non-zero, only when s ∈ KL, so that if we consider φ(f ) ∈ C(G/L), it follows that [s] ∈ K/L. This proves our claim and that f ∈ C c (G/L).
is continuous, the first map being continuous by assumption, and the second being continuous due to G/L being a right topological group. It is easy to observe that the map
proving the last claim.
We also obtain the following generalization from [26] ; Proposition 2.5. If G is a σ-locally compact admissible hausdorff right topological group and f : G → H is a homomorphism into a Hausdorff topological group H, then f factors through G/N (G).
is continuous as f is continuous and H is topological. By definition this implies σ-continuity of f . By Corollary 1.1 in [26] , the factorization follows.
The main theorem of this section follows.
Theorem 2.6. Suppose G is a locally compact Hausdorff right topological group that has a compact strong normal system of subgroups. Then, G has a right invariant Haar measure.
Proof. Let {L ξ } ξ≤ξ0 be the given strong normal system of subgroups. For each ξ > 0, we denote by
, the map from Lemma 2.4, and by ν ξ the Haar measure on L ξ /L ξ+1 . Using transfinite induction, we construct for each ξ > 0, a linear functional ψ ξ : C c (G/L ξ ) → C, satisfying the following conditions:
By the Riesz representation theorem, each ψ ξ on C c (G/L ξ ), corresponds to a unique regular Borel measure on G/L ξ , and 4 implies the existence of a common upper bound for these for every fixed compact set of G. We shall show that ψ 1 is non-zero, so that by 3, it follows that for some f
For the base case, we observe that G/L 1 = L 0 /L 1 by assumption is a locally compact Hausdorff topological group. Thus, we may fix a Haar measure ψ 1 on G/L 1 , so that the map ψ 1 : C c (G/L 1 ) → C is the desired linear functional satisfying 1-4.
Suppose for ξ < ξ 0 , there exists a functional ψ ξ : C c (G/L ξ ) → C of the desired form. Then, we define ψ ξ+1 : C c (G/L ξ+1 ) → C to be given by ψ ξ+1 = ψ ξ • φ ξ . Positivity and right invariance are clear from Lemma 2.4 and the right invariance of ψ ξ . For any 0
Here, since ξ + 1 is the smallest ordinal following ξ, any ordinal η < ξ + 1, satisfies η ≤ ξ, so that the second equality follows from the retraction property of φ ξ (Lemma 2.4), and the third equality follows from the induction assumption. Lastly, for any f
and 4 holds for the successor case.
Suppose ξ ≤ ξ 0 is a limit ordinal so that L ξ = ∩ η<ξ L η . Then, consider the subalgebra
Now for each compact set K, we fix an open neighbourhood U K of K such that U K is compact. Then, by Urysohn's lemma, for each ξ ≤ ξ 0 , there exists a function p K ξ : G/L ξn → [0, 1], such that
Consider any f ∈ C c (G/L ξ ) and let {f n } n∈N ⊂ D be such that f n → f . Without loss of generality, we assume f ∞ ≤ 1 so that {f n } n∈N may be chosen to satisfy f n ∞ ≤ 1. Let us denote by ξ n , the ordinal corresponding to each f n ∈ C c (G/L ξn ). Suppose C = supp(f ) in G. Then, {f n p C ξn } n∈N ⊂ D, which we will write as {f n p C n } n∈N have supports contained in U C /L ξn , for each n ∈ N, and clearly, converge to f . Since ξ = sup η<ξ η, and C c (G/L η1 ) ⊂ C c (G/L η2 ), for η 1 ≥ η 2 , we may assume that {ξ n } is monotone increasing, so that for m ≥ n, by the induction assumption,
That ψ ξ is positive and linear follows from its definition and the induction assumption. Rightinvariance of ψ ξ also follows as {f n } n∈N from above satisfies,
, one may consider an arbitrary sequence {ξ n } ≥ η, and take f n = f trivially, so that by the induction assumption, Proof. Let {ψ ξ } ξ≤ξ0 be the Haar measures on G/L ξ , 0 < ξ ≤ ξ 0 and suppose µ is a Haar measure on G. As before we denote by µ ξ the unique Haar measure on L ξ /L ξ+1 . We shall show that there exists c > 0 such that cµ(f ) = ψ ξ (f ), for all f ∈ C c (G/L ξ ), for all ξ ≤ ξ 0 using transfinite induction.
Since G/L 1 is a locally compact topological group, and µ forms a Haar measure on it, it follows that there exists some c > 0, such that µ(f ) = cψ 1 (f ).
Assume the same induction hypothesis holds for ξ < ξ 0 , with the same constant c. Then, for any
where we made use of the right-translation invariance of µ. The successor case is hence justified. Now suppose ξ is a limit ordinal and f ∈ C c (G). Recall from the proof of theorem, that
by the dominated convergence theorem. This concludes the proof.
Function algebras
In this section, we shall discuss classical function algebras in the locally compact right topological group context. In the process we generalize several results of Lau and Loy [14] [15].
Given a CHART group, one might question when its quotient groups are topological (and thus automatically have a Haar measure). To answer this, we need the σσ-topology of (G, σ).
We define the σσ topology on G to be the σ topology of the compact semi-topological group (G, σ) i.e. the topology induced by the quotient map (G, σ) × (G, σ) → G, (g, h) → g −1 h. By Theorem 1.3, σσ σ and (G, σσ) is a compact semitopological group with continuous inverse. Furthermore, by [26] ,
Let H ⊂ G be a closed normal subgroup. Recall that (G/H, τ ), (G/H, σ) denotes G/H with the quotient topologies induced by (G, τ ) and (G, σ) respectively, where we denote the respective quotient maps by π τ , π σ . Let us further define (G/H, σ G/H ) to be the σ topology induced by (G/H, τ ) i.e. by the quotient map φ G/H : Proof. To prove the first claim, we consider the following commutative diagram
One easily checks that the diagram commutes and a function f : (G/H, τ ) → X, where X is any topological space, is continuous on either of (G/H, σ G/H ), (G/H, σ) if and only if f • g is continuous. It follows that the two topologies coincide. In this section we discuss the usual function algebras that have interesting properties in the classical case of locally compact topological groups. The reader is referred to [10] , [11] for a general theory of these.
Let A ⊂ C 0 (G) be a non-trivial translation-invariant C*-algebra of C 0 (G). We then define
The following result generalizes straightforwardly from Lau with mild modifications. Lemma 3.3. Let G be a locally compact Hausdorff right topological group. If A ⊂ C 0 (G) is a nontrivial translation invariant C*-algebra, then F = Fix(A) satisfies the following;
We observe here that if G is admissible, a combination of 3 and Lemma 3.2 provides that F is σσ closed, whence contains N (G).
As a result of this, we obtain the following Let G be a right topological semigroup. We define the left continuous functions on G to be given by
, for all g ∈ G} and the left continuous functions vanishing at infinity to be
Note that the latter definition is somewhat artificial: LC 0 (G) ⊂ LC(G) ∩ C 0 (G), however, equality is not known, since our left multiplication is not continuous (and thus compact sets need not be preserved by it).
For any function f on G, we denote by RO(f ) the right orbit of f , i.e. {R g f | g ∈ G}. We may define the standard spaces
the almost periodic functions on G, and
the weakly almost periodic functions on G.
The following proposition is a standard result in harmonic analysis (see Theorem 1.8 of [2] ). Lemma 3.6. If G is a right topological semigroup, the following equalities hold
Proof. The first result is obvious. Suppose f ∈ l ∞ (G). Then, By Grothendieck's double limit theorem (see Theorem A.5 in [2] ) and 
LC(G) separates points from closed sets in G if and only if
If further G is σ-compact admissible or compact, then
Proof. We first prove 1 and 4. Since (G, σ) is a semitopological group, it is clear that C b (G, σ) ⊂ LC(G) and that C 0 (G, σ) ⊂ LC 0 (G). Suppose in addition that G is σ-compact admissible or compact. Since Consider the set {L g f | g ∈ Λ(G)} ⊂ C b (G). Then, the above equality certainly holds for {g n } ⊂ Λ(G), {h n } ⊂ G when the limits exist. Therefore, by Grothendieck's theorem again, {L g f | g ∈ Λ(G)} is relatively weakly compact in C b (G). For any g ∈ G now, by admissibility there exists some net {g α } ⊂ Λ(G) such that g α → g, and thus L gα f → L g f pointwise. However, by weak compactness, {L gα f } has a weak cluster point in C b (G), which must coincide with L g f . Thus, L g f ∈ C b (G) for all g ∈ G. If in addition, f ∈ C 0 (G), then, {L gα f } ⊂ C 0 (G) so that its weak limit L g f ∈ C 0 (G) , whence f ∈ LC 0 (G).
Lastly, if G is non-compact, σ-compact admissible, if f ∈ AP (G) ∩ C 0 (G), then by 3,4, and Corollary 3.4, f ∈ C 0 (G, σ) = C 0 (G/N (G)). If N (G) = G, the claim is now obvious; otherwise by Proposition 2.3 G/N (G) is a non-trivial locally compact topological group and the claim follows from the classical result (see 4.2.2a of [2] ).
Let us denote G with the discrete topology by G d . The unitary representations on G d correspond one-to-one with the non-degenerate representations on l 1 (G), which we denote by Σ. Σ then induces a norm on l 1 (G), namely f * = sup π∈Σ π(f ) for f ∈ l 1 (G). The completion of l 1 (G) under this norm is then a C*-algebra, denoted by C * (G d ) and known as the group C*-algebra of G d . Consider the positive-definite functions on G, i.e. functions f :
The span of P (G) can be identified as the dual of C * (G d ), and under this dual norm, forms a Banach algebra, known as the Fourier-Stieltjes algebra, B(G d ) on the discrete group G d . In the right topological group setting the topological analogue has to be defined more carefully than the classical case, due to a lack of continuous representations. For theory on these algebras in the classical case, see [11] .
Following [14] , we define the Fourier-Stieltjes algebra of (G, τ ), B(G) to given by B(G d ) ∩ C b (G). We further define the Fourier algebra on G, A(G), to be the closure of Lau and Loy have done some extensive work over the Fourier-Steiltjes algebra in the compact setting in [15] . In particular, they showed the following characterization; Theorem 3.8 (Lau,Loy) . If G be is an admissible compact Hausdorff right topological group, then
Unlike the locally compact topological group setting where B(G) completely identifies G up to topological isomorphism, the above result indicates that this is not the case in our setting. It however does follow that the quotient group G/N (G) is uniquely identified by B(G) up to topological isomorphism. In the locally compact setting we are unable to produce an analogue of this strong result and instead have the following; 
where the first containment is a classical result (see [3] ), and the equality follows from Lemma 3.6. By 3 of We conclude the section with a short result on representations generalized from [14] . Proof. Suppose A(G) * is a Von Neumann algebra as described. By Corollary 3.9, A(G) = A(G, σ), so that x → π(x), f = f (x) is σ-continuous and factors through N (G) by Corollary 3.4. Since V N π is determined by its evaluation on A(G), it follows that π is N (G)-invariant. This contradicts faithfulness unless G is topological. The converse is a standard result (see [11] ).
Measure Algebras
In this section we present measure algebra analogues for right topological groups and present their properties. We then use these to characterize the existence of a Haar measure on compact right topological groups. In the process we give some alternate conditions that do not rely on admissibility.
Suppose µ, ν ∈ M (G); note that for f ∈ C c (G), the usual convolution of measures, f (xy)dµ(x)dν(y), may not be defined, since the function f · µ defined by G → C, y → f (xy)dµ(x) is not necessarily Borel (let alone continuous like in the topological case). As such, following [14] , let us define
Throughout, for each g ∈ G, we shall denote by µ g , g µ the left and right translation of µ by g, i.e µ • R g and µ • L g respectively. We similarly denote by µ G the right orbit of µ.
Lau and Loy's result on M(G) for a compact right topological group G is true for the locally compact case as well, presented as follows. is a Banach algebra that is closed in M (G). Furthermore, l 1 (Λ(G)) ⊂ M(G), so that the space is non-trivial.
We may then prove the following important divergence from the classical case. Proof. Suppose the right regular representation is continuous. Since the inverse map on the unitaries is WOT-WOT continuous, it follows that G → B(L 2 (G)), x → R x −1 is WOT continuous, whence SOT continuous by equivalence of the two topologies on the unitaries. Suppose f ∈ C c (G) with support K ⊂ G, and h ∈ l ∞ (G); then, if y α → y in G,
by SOT-continuity of the right regular representation of G. It follows that h · f dλ ∈ C b (G), i.e. C c (G) ⊂ M(G). Suppose now that 2 holds. We claim that C c (G) ⊂ M(G) causes LC(G) to separate points from closed sets. Consider any closed set M such that e ∈ M . Since G\M is open, there exist strict inclusions
where V , U are open neighbourhoods of e, and K, V , U are compact neighbourhoods of e. Since G is locally compact Hausdorff, by Urysohn's lemma, there exist continuous functions f, p :
Since f ∈ C c (G), the map φ : y → h(xy)f (x)dλ(x) is continuous. Furthermore,
Suppose, for some ε > 0, h(xy)f (x)dλ(x) > ε for all y ∈ U c , whence for all y ∈ M . Then, it is clear that φ| M > ε, φ(e) = 0. Thus, φ separates e from M . In other words, the set
, is a set that separates points from closed sets on G. By Theorem 3.7, G is a topological group. Lastly 3 implies 1 is a standard result (see [7] ).
In the compact admissible case, it was shown in [17] that no continuous representation of G may be faithful unless G is topological. This was used to prove Theorem 4.2 in [14] for compact groups. We cannot rely on this in our more general setting, and our proof is constructive. Whether faithful representations exist for general locally compact admissible right topological groups remains an open question. The following two results presented in [14] generalize to locally compact right topological groups without much effort and we omit the proof. 
Let us denote by
is continuous for all y ∈ G}, as in [14] .
In general, the relation between L(G) and L c (G) is unknown. However, the following proposition gives some common elements. 
Algebras characterizing the Haar measure
Throughout this subsection, we assume that all groups are compact. For every measure µ ∈ M (G), we denote by µ G , the right orbit of µ under G. Then, for a compact Hausdorff right topological group, we define, where we used at ( * ) the fact that for an appropriately selected subsequence in k, lim n lim m [T n R * gm ](µ k ) and lim m lim n [T n R * gm ](µ k ) exist (since the limit of each iterated limit exists as k → ∞), and [µ k ] G is weakly compact for all k ∈ N. The claim thus follows.
Suppose now that µ ∈ M(G), ν ∈ M w (G), and K ⊂ G is an arbitrary non-empty set so that for each That L c (G) is contained in M w (G) is easy to see -for each µ ∈ L c (G), x → µ x −1 is norm continuous, thus weakly continuous, so that the image of the map, µ G is weakly compact.
As M(G) is closed under right translation by Λ(G), and this does not change the right orbit of an element of M(G), M w (G) is closed under right translation. Further, if µ ∈ M w (G), and T ∈ M (G) * , for each g ∈ Λ(G), T ( g −1 µ) = T • L * g ∈ M (G) * . Thus, the right orbit of g −1 µ has a weak cluster point via the relative weak compactness of µ G and g −1 µ ∈ G. Proof. That 1 implies 2 and 2 implies 3 is trivial. We shall prove that 3 implies 1.
Suppose µ ∈ M w (G) is non-zero. Then, by scaling, we may assume µ(G) = 1. By assumption the weak closure of µ G , is compact so that by Krein Smulian, its closed convex hull, K, is also weakly compact. It is clear that for all ν ∈ K, ν(G) = 1.
We claim that K is closed under right translations. Indeed, suppose ν ∈ K, h ∈ G and let ε > 0. For each T ∈ M (G) * , there exists some convex combination
As ε was arbitrary, it follows To see that M σ (G) is a left ideal, suppose that µ ∈ M(G) and ν ∈ M σ (G). For any f ∈ C(G), we have,
Since f · µ ∈ C(G), it follows that [µ ⊙ ν] · f ∈ C(G, σ). This proves our second claim. Note that if λ is a Haar measure on G, then for any f ∈ C(G), f · λ is always a constant and thus, trivially in C(G, σ). We show the last claim for M σ (G) and the claim for L σ (G) will simply follow by absolute continuity of translations of its elements. For µ ∈ M σ (G), x, g ∈ G, and f ∈ C(G), one easily checks
. Now as f · µ ∈ C(G, σ) and (G, σ) is a semitopological group, it follows that R −1 g [f · µ] ∈ C(G, σ) which concludes our claim.
In [14] , it was shown that, for admissible groups, W AP (G) = AP (G) = C(G, σ). Using this, we have the following result.
Proof. By Proposition 2.3 in [14] , W AP (G) = AP (G) = C(G, σ).
Then, since µ G is relatively weakly compact, {µ g −1 | g ∈ G} has a weak cluster point, giving a weak cluster point for
is relatively weakly compact i.e. f · µ ∈ W AP (G d ) (the left and right weakly almost periodic functions coincide on a topological group, see [2] ). As W AP (G) = W AP (G d ) ∩ C(G) (Lemma 3.6), f · µ ∈ C(G, σ), i.e. µ ∈ M σ (G).
Consider the flow (ρ G , G), where ρ G denotes the right translation action of G on itself. An equicontinuous right topological group is defined to be a right topological group G, satisfying the property that it's right flow is equicontinuous i.e. all the maps ρ G (g), g ∈ G are equicontinuous. Milnes showed that G is equicontinuous if and only if AP (G) = W AP (G) = C(G) (see [19] ). Thus, for such groups the previous result looks very different -and Proposition 4.7 is not redundant to the following result. See Example 5.3. Proof. Suppose µ ∈ M σ (G) is non-zero. Then, by scaling it, we may assume that µ(G) = 1. Consider µ G = {µ g | g ∈ G}. Since g → µ g is w*-continuous, µ G is compact and contained in M σ (G) by Proposition 4.9. Consider C = convµ G , the weak*-closed convex hull of µ G . Since the set is bounded by µ and is w*-closed, by the Banach-Alaogu theorem, it is compact. Moreover C is preserved under right translations {R g | g ∈ G}, which are w*-w*-continuous affine maps on it.
We claim that right translates by G are also distal on K. Indeed, suppose lim α∈A µ gα = lim α∈A ν gα for some µ, ν ∈ K and some {g α } α∈A ⊂ G. Since G is compact, {g −1 α } α∈A has some subnet {g −1 β } β∈A that converges to some g −1 ∈ G. Then, µ g β → µ g and ν g β → ν g , so that µ g = ν g and thus µ = ν.
By Namioka's fixed point theorem then, G has a fixed point in the w*-closed convex hull of K. Since µ(G) = 1, all the elements ν of C satisfy ν(1) = 1. It therefore follows that G has a right invariant Haar measure. Proof. Suppose µ ∈ M(G) is such a measure. Then, one has, f ·µ x is continuous for all x ∈ G. However, f · µ x = L x −1 f · µ. It thus follows that f · µ ∈ C c (G) = C(G/N (G)), so that µ x is N (G)-invariant and in M σ (G).
Let H be a closed subgroup of G with a right Haar measure µ. We then denote by λ H , the measure on G given by f Proof. As multiplication is separately continuous on H, by Ellis' theorem, H is a compact topological group. Therefore, H has a unique invariant Haar measure and we may define λ H as above.
We will show that λ H ∈ M(G). Firstly, note that H ×G → G, (h, g) → hg is separately continuous. By Namioka's theorem, it is jointly continuous so that for any f ∈ C(G), H × G → C, (h, g) → f (hg) is jointly continuous. We claim that {L h f | h ∈ H} ⊂ C(G) are equicontinuous on G.
As
, also a neighbourhood of g 0 . Then, for any m ∈ H, m ∈ U mi for some 1 ≤ i ≤ n. Thus, for every g ∈ V , |f (mg) − f (mg 0 )| < ε, and as this holds for every m ∈ H, sup m∈H |f (mg) − f (mg 0 )| < ε. It follows that, sup m∈H |f (mg) − f (mg 0 )| → 0 as g → g 0 . This proves the claim.
Now as {L n f } n∈H are equicontinuous, note that, This follows from the fact that for any f ∈ C(T), µ ∈ M (T), δ, γ ∈ {1, φ}, (v, ε) ∈ G,
Recall that an element of µ ∈ M(G) is in M σ (G) if and only f · µ ∈ C(g, σ) = C(G/N (G)). Now if µ 1 + ν φ ∈ M(G), then, for every f 1 + g φ ∈ C(G),
so that Examples of locally compact admissible topological groups are plentiful via taking products of admissible compact right topological groups and locally compact topological groups. In particular, for a locally compact topological group G, G × G D(G) is usually non-trivially right topological, locally compact and admissible. If G is σ-compact, this group is also σ-locally compact. In this case, note that a strong normal system of subgroups and thus the existence of a Haar measure is guaranteed as G D(G) is a CHART group (Theorem 2.6). However, it still remains an open question as to whether every admissible σ-locally compact group possesses a Haar measure or a strong normal system of subgroups.
Many results on compact right topological groups do not generalize easily to locally compact right topological groups. The main one we are interested in is the following: The various techniques used to prove this result in the compact setting ( [26] , [23] , [21] ) do not generalize well to our setting. Although (L, σ) is locally compact by Lemma 2.2, and N (L) is the intersection of all σ-closed neighbourhoods of e in L, due to the σ-topology being non-Hausdorff, the compact sets need not be closed and the compactness of N (L) is not guaranteed.
Another problem we have is regarding uniqueness and left-invariance; Problem 5.6. If a Haar measure on G exists, is it unique? If G is compact, when is the Haar measure left-Λ(G)-invariant?
In the compact case, an admissible right topological group has a faithful representation if and only if it is topological [17] . We thus raise:
Problem 5.7. Can σ-locally compact admissible right topological groups have faithful representations?
In [15] , it was proven that B(G) = B(G, σ) ∼ = B(G/N (G)), and that certain pleasant properties hold for the same. Proposition 4.15 makes it uninteresting to consider metrizable locally compact groups unless we are willing to forego admissibility. Examples of non-compact metrizable right topological groups do however exist, as given by Ruppert in [28] . We therefore raise the following Proposition 5.9. Do metrizable right topological groups always possess a Haar measure?
We hope to resolve some of these questions in future work.
